Thecolumn space of amatrix A is thesetCol A of all linearcombinationf thecolumnsof A.

The null space of amatrix A is thesetNul A of all solutionsto thehomogeneousquationAx = 0.

A spannningetcanbetoo big.

A linearlyindependensetcanbetoosmall.
A basisisjustright.

DEFINITION

A basis for asubspacél of R" is alinearlyindependensetin H thatspansH.



2| balalecture1029a.nb

Theset{ey, e, ...

4]
FIGURE 3: The standard basis
1 0 0
0 1 0
G=.|&=].1] 6 =|.
0 0 1

, €} is calledthestandard basis for R".
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THEOREM 13

The pivot columnsof a matrix A form a basisfor the columnspaceof A.

Be carefulto usepivot columns of A itself for the basisof Col A. The columnsof anechelor
form B areoftennOt in the columnspaceof A.

To find abasisfor thenullspacepusethevectorsfrom the parametrioszectorform of the solutionfor Ax = 0.

EXAMPLE: Findabasisfor Col A andNul A, when

10 3 219
A.|206 528
130 9 7 37

4 0 12 8 8 8
TraditionalForm[RowReduce[A]]
103000
000100
000010
0000O01

1 2 1 9
. . 2 5 2 8

A basisfor Col A is { stz I3l |7 }
4 8 8 8

To find abasisfor Nul A, pretendor actuallyputin) thereis a right handsideof all zerosandwrite downthe parametridorm for your solution

103000
000100 . .
000010 X1, X4, X5, Xg arebasic,andx,, xsz arefreevariables
000O0O01
X1 =-3X3
X2 =X
X3 =X3
X4 =0
X5=0
X =0
0 -3
1 0
0 1
X=X 0 + X3 0
0 0
0 0

A basisfor Nul A is
0 -3

—

O O OO

o OO o
-



FACT: Any two bases have the same number of vectors.

DEFINITION

The dimension of a nonzero subspace H is the number of vectorsin any basis for H. The dimension of the zero subspace {0} is defined to be
Zero.

A 3-D subspace of R® isequal to R®

17

(]

o —] -46

FIGURE 1: Span{vy,v,} as a plane through the origin
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Figure 1A: Span{vy,v,} when v, = k vy

DEFINITION

Therank of amatrix A isthe dimension of the column space of A.
Every column of a matrix is either a pivot (contributing to the dimension of Col A) or it corresponds to a free variable (contributing to the
dimension of Nul A).

THEOREM 14

The Rank Theorem
If amatrix A has n columns, thenrank A+ dimNul A=n

Question: What isthedim Nul A if A isa5x7 matrix with rank 4?

ANSWER: 7-4=3

ANY TWOWILL DO!

Linearly independent and spanning === basis

Sisaspanning set with the right number (dimension) of vectors

Sisalinearly independent set with the right number (dimesion) of vectors

=== bpasis

=== pasis.

QUESTION: Suppose a subspace H hasdimension 3. If Sisalinearly independent subset of H with 2 vectors, is S abasis for H?

NO - Sistoooo small.
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QUESTION: Suppose H isafive dimensional subspace, and Sisaset of five vectorsthat are all linearly independent. Is Sabasisfor H?

YES- Shastheright number of vectors and is linearly independent.

THEOREM 16

The Invertible Matrix Theorem (continued)

Let A bean nxn matrix. Then the following statements are each equivalent to the statement that A is an invertible matrix.
m. The columns of A form abasisof R".

n. Col A=R"

0. dmCoa A=n

p. rank A=n

g. Nul A= {0}

r. dmNul A=0



